Abstract-Conventionally, the spacing between adjacent elements in an antenna array are set at half-a-wavelength in order to obtain maximum spatial resolution while avoiding spurious sidelobes. However, for antenna arrays that are implemented in a compact manner, the spacing between the adjacent elements can be significantly less than half-awavelength. The small spacing between the antennas results in strong mutual coupling between the antennas, which has been shown to affect the performance of array algorithms, through modifying the antenna pattern and reducing the antenna efficiency. Recently, impedance matching techniques have been proposed for multiple antenna systems for diversity and MIMO applications, in order to counteract the aforesaid coupling effects. In this paper, we study the impact of different impedance matching conditions on the Cramer-Rao bound performance of direction-of-arrival estimation using closely coupled arrays. We demonstrate that an appropriate matching network can drastically improve the CRB performance with respect to 50 ohm termination or self impedance termination with coupling, and the case of ideal antenna arrays with no coupling. For example, a tenfold reduction in RMSE over the simple matching terminations was obtained with the multiport conjugate match for a two signal scenario and an antenna separation of 0.1*wavelength.
I. INTRODUCTION
An antenna system with more than one antenna element can be utilized to greatly improve the performance of wireless communications, e.g. [1] , [2] . This is particularly the case for multiple-input-multiple-output (MIMO) systems [3] - [5] , which are being planned for upcoming communication systems such as IEEE 802.11n, IEEE 802.16e, and 3G long term evolution (LTE). In MIMO systems, multiple antenna elements are used at both the transmitter and the receiver. While there is usually less constraint on the separation distance between antennas at the base station, the implementation of multiple antenna systems on compact terminals, such as a mobile handset, is hampered by the problem of strong mutual coupling and high antenna correlation between closely spaced antennas [6] .
Recently, multiport impedance matching networks have been shown to be an effective technique to mitigate the problems with coupling and correlation [7] , [8] , though at a cost of diminishing bandwidth [9] . However, the impact of such matching networks on the performance of other array techniques is still unknown. One such technique is direction-ofarrival (DOA) estimation, which can be an additional feature implemented on MIMO enabled compact handsets.
The effect of mutual coupling on DOA estimation has been studied in the context of fixed characteristic (or 50 ohm) termination [10] . The study reveals that in general coupling has no significant impact on the performance of DOA estimates. This is partly because the study pays no particular emphasis on very small antenna separations, even though it did point out that the influence of coupling increases with decreasing antenna separation [10] .
In this paper, we focus on the performance of DOA estimation for compact antenna arrays, where the minimum separation between two adjacent antennas is less than half-awavelength. In particular, the impact of different impedance matching conditions on the Cramér-Rao lower bound (CRB) of DOA estimates is investigated. The paper is organized as follows: Section II outlines the signal model used to investigate the effect of matching on closely coupled arrays. Based on this model, the CRB is presented in Section III. Section IV summarizes the four different impedance matching conditions considered in this study. Numerical examples are then presented in Section V. Section VI concludes the paper. is given by [10] ( ) ( ) ( )
where
is the dipole antenna pattern, azimuth angle φ = 0° corresponds to the +ve x-axis (or array endfire) and elevation θ = 0° the +ve z-axis. For simplicity, we limit our discussions in the following to signals incident on the azimuth plane, i.e. 
n t is the noise output of the i-th sensor. n(t) and s(t) are assumed to be stationary, zero mean, and uncorrelated with each other. Moreover, the noise at the different antennas are assumed to be circularly Gaussian distributed and have a common variance (or power) 2 n σ . The covariance matrix is given by
where the signal covariance matrix E ( ) ( )
is the expectation operator, and I N is the N × N identity matrix.
Following the approach in [10] and [11] , we apply the Zparameter representation to include the effect of coupling and impedance matching into the array representation. We begin with the Z-parameter model of the receiver as in Figure 1 
where Z M is a 2N × 2N matrix, with N ports on the antenna side ("side 1"), and N ports on the cable side ("side 2"). The matching network is in turn connected to the cables with characteristics impedance Z 0 . It can be shown after some matrix manipulations that the output voltage It should be noted that, unlike [10] and [11] , which represent the matching network plus cables as an equivalent (vector) load, we make a distinction between them. This facilitates a fairer comparison of different matching conditions by forcing the (square of) output voltages to be proportional to the received power. In general, this proportionality does not apply if the voltages are taken at the output of the antenna ports, as in [10] and [11] .
As a reference, we use the case of N isolated but identical antennas (with no mutual coupling, i.e. Z R = Z s I N , where Z s is the self impedance of the antenna), each of which is conjugate matched to the cable by a 2-port matching network. The same expression as (6) can be used to represent the input-to-output voltage transfer function, except that the transfer function is now diagonal, which we denote by h I N .
From [10] , the open-circuit voltages on the half-wavelength dipole antennas is given by
where E 0 is the electric field at the first antenna (at the origin of the coordinate system). Following the same approach as [10] , we rewrite (6) as
where the constant h π λ is the response (or gain) of a single dipole element, located at the origin of the coordinate system, the electric field strength E 0 is equivalent to the signal ( ) m s t , C is the coupling matrix, a generalized form of that in [10] and [12] in order to distinguish between the matching network and the cables.
Therefore, if we assume the noise from the receive circuits dominates, the signal model with coupling and matching becomes ( ) ( ) ( )
. It should be noted that coupling compensation techniques on the signal processing level are unable to reverse the loss of antenna efficiency due to mismatch on the circuit level. Moreover, it can create other problems. For example, one approach to compensate for coupling is to pre-multiplying ( ) t y by 1 − C . However, if 1 − C is ill-conditioned, this results in noise amplification.
III. CRAMER-RAO BOUND
For the calculations of the conditional CRB [10] , we further assume that (i) N M > , and the steering matrix A is full rank for distinct incident angles, (ii) the coupling matrix has full rank, i.e., CA is also full rank. The CRB expression is then given by
K is the number of samples for the received signals. The root mean squared error (RMSE) for the m-th signal is given by the squared root of the m-th diagonal element of the CRB matrix expression (10).
IV. IMPEDANCE MATCHING NETWORKS
In this paper, we consider four matching conditions [7] - [9] : (i) case of no coupling and no impedance matching, with N = C I . This is a popular assumption in array signal processing research, (ii) characteristic impedance (or 50Ω) match, i.e., with coupling but no matching network, (iii) selfimpedance match, with the equivalent load (i.e., matching network and cables) as seen by the antennas being ( ) eq R diag * = Z Z , where diag(.) retains only the diagonal elements of the matrix operand, and (iv) multiport conjugate (MC) match eq R * = Z Z [8] , [11] .
V. NUMERICAL EXAMPLES
This section provides a numerical study of the impact of coupling and matching on the CRB performance of DOA estimation for closely coupled dipoles. We assume thin dipoles with a fixed self impedance 72.9 42. Figure 2. ). The case of a 3-dipole ULA is investigated. In the following, the term "antenna separation d" denotes the separation distance between two adjacent antennas. The signalto-noise ratio (SNR) is assumed to be 10 dB at the array output for the reference case (i.e., with no coupling and selfimpedance match) and the number of samples K = 200. 
A. One Signal Scenario
We begin with a DOA scenario with only one signal arriving from (a) φ = 90° (broadside), (b) φ = 135°. The CRB's for the two single DOA cases are shown in Figs. 3(a) and 3(b) , respectively. The y-axis limit is set at 5°, so that interesting features can be more clearly presented. In Fig. 3(a) , we observe that the RMSE results for the no coupling condition marginally outperforms the coupling conditions of 50Ω match, self impedance and MC match for 0.15 , 0.2 , 0.2 , d λ λ λ > respectively. However, all the curves approaches one another as the antenna separation increases to 0.5λ, confirming earlier studies which indicate that the coupling effect is small for conventional arrays where 0.5 d λ ≈ . The small offset observed between the 50Ω match and the other two coupled conditions at larger antenna separations is the result of a larger mismatch between the antenna self impedance and the 50Ω termination impedance, which leads to a poorer efficiency for the 50Ω match.
The problem of antenna mismatch or efficiency is further highlighted in Fig. 4 , where the effective azimuth antenna patterns of the three dipoles at d = 0.1λ for the four matching conditions are illustrated. The patterns in Fig. 4 are normalized such that the overlapping omnidirectional patterns of the no coupling condition are at 0 dB. We note that the antenna gain is consistently less than 0 dB for the 50Ω match, even though the antenna patterns (of the three dipoles) are more diverse or dissimilar than the no coupling condition. For 0.15 d λ < in Fig. 3(a) , the pattern diversity which exists for the 50Ω match enables it to outperform the no coupling condition, albeit at a reduced efficiency. For the self impedance match, even though the antenna patterns are similarly shaped as the 50Ω match (see Fig. 4(c) ), the middle dipole has noticeably better efficiency, resulting in a superior performance relative to the 50Ω match, except for very small d's. The advantage of using the MC match for closely coupled antennas is clearly observed in Fig.  3(a) . As can be seen in Fig. 4(d) , the MC matching network (for the implementation chosen in this paper) facilitates the decomposition of the antenna patterns of the three dipoles into orthogonal modes, where the gains for the two higher modes are significantly higher than 0 dB! As the signal is moved from the broadside to φ = 135°, i.e., Fig. 3(b) , a similar trend as the broadside arrival may be observed. However, with the exception of the MC match, the CRB performance of all other matching conditions is worse than the broadside arrival of Fig. 3(a) . For the no coupling condition, it is well known that as the signal moves away from the broadside, the effective aperture of the ULA decreases, resulting in a poorer DOA estimate. Since the antenna patterns of the 50Ω and the self impedance match do not experience significant distortions, the aperture reduction effect dominates and consequently a poorer performance is obtained. On the other hand, since the antenna patterns of the MC match are significantly distorted, such that pattern diversity can play a more dominant role, the CRB of this case outperforms the broadside arrival for 0.4 d λ ≤ (see Fig. 3(b) ). In general, Figs. 5 and 6 exhibit the same trend as seen in Fig. 3 . However, as expected of a more complicated signal scenario, the CRB performance for the two signal scenario is noticeably worse than the one signal scenario for small antenna separations.
B. Two Signal Scenario
A comparison between the Fig. 5(a) and Fig. 6(a) with Fig.  5 (b) and 6(b) reveals that an offset of the two signals (spaced 40° apart) from being symmetrical to the array broadside results in noticeably worse CRB's for all matching conditions. Moreover, the worse performance among the two signals is demonstrated by the second signal, which is closer to the array endfire upon the offset. This feature is contrary to the single signal scenario, where an offset of the signal DOA can actually improve the DOA performance for the MC match.
VI. CONCLUSIONS
This paper presents a first study into the impact of impedance matching on the DOA estimation performance of closely coupled arrays. We show that a proper consideration of matching impedance can greatly improve the performance as compared to either the conventional characteristic (or 50Ω) impedance termination or the ideal no coupling condition favored by the array processing community. Therefore, the effect of impedance matching should be included in the study of array algorithms for closely coupled arrays, in order to achieve performance that is both realistic and optimum.
